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In [7] and [3] we approached the problem of deﬁning universal covers of locally bad spaces using the following ideas:
(1) The appropriate category to work with is not the category of topological spaces, but rather that of uniform spaces
and uniformly continuous mappings. (2) The substitute for quotient mappings in this category is bi-uniformly continuous
mappings (see below). (3) The appropriate replacement for curves is equivalence classes of chains. We showed in [3] that
such a program can be carried out for a large class of uniform spaces called coverable spaces. In particular we constructed,
for any uniform space X , a uniform space X˜ , a natural uniformly continuous mapping φ : X˜ → X and a group δ1(X) that
acts on X˜ . For coverable spaces the mapping φ has many of the properties of universal covering maps, such as lifting and
universal properties, and we refer to the space X˜ as the uniform universal cover of X . The group δ1(X) (which we called
the “deck group” in [3] but which was renamed the “uniform fundamental group” in [8]) is a functorial invariant of uniform
structures having properties like the fundamental group in this category. See [3] for results and examples illustrating the
above framework, and [4] for some additional applications. While we will review some basic concepts below, we will assume
some familiarity with [3] and (later) [5].
The space X˜ is the inverse limit of the fundamental inverse system (XE , φE F ) of X , which is indexed on the set of all
entourages E of X . Roughly speaking, XE “unrolls” nontrivial classes of loops that are in some sense larger than E (we
will give more background below). The natural projections are denoted by φE : X˜ → XE and φ : X˜ → X , respectively (the
latter is actually just the endpoint mapping). A uniform space X is said to be coverable if it admits a basis (called a covering
basis) of the uniformity such that φ and φE are surjective for each E in the basis. Elements of a covering basis are called
covering entourages. Many uniform spaces of interest are coverable. For example, connected and uniformly locally connected
pseudometric spaces—which includes all geodesic spaces—are coverable [3, Theorem 98]. On the other hand, it is easy to
ﬁnd an entourage in a coverable space that is not a covering entourage (cf. Examples 16 and 17). Moreover, the absense of
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equivalent to the following: X is chain connected and for any entourage E , φE has image that is uniformly open in XE (see
Deﬁnition 1). While surjectivity of maps in an inverse system is generally a strong and useful assumption to prove theorems,
the above characterization has a clear advantage in that it reduces proofs of the coverability of a uniform space to showing
the uniform openness of the images of φE(X)—without having to a priori identify the covering entourages. Moreover, as a
corollary we obtain a constructive method for extracting a covering entourage from an arbitrary entourage with no reference
to the mapping φE (see Corollary 15, Examples 16 and 17).
In [5] the authors explore our construction of the uniform universal cover for a class of spaces that they call uniformly
joinable uniform spaces. At ﬁrst glance their construction does not resemble our construction, but it is actually the same as
ours (see the statement in Section 8 of [5]). In fact, as we will explain below, their deﬁnitions of GP (X,∗) and πˇ (X,∗) are
translations of our deﬁnitions of X˜ and δ1(X) into the language of Rips complexes. Moreover, an application of our main
theorem, Theorem 12, tells us that the class of chain connected, uniformly joinable spaces considered in [5] is precisely the
same as the class of coverable spaces (Corollary 18). Their deﬁnition of uniform joinability is closely related to concepts in
continua theory, and they obtain the interesting result that a metric compactum X is uniformly joinable if and only if the
function φ : X˜ → X is surjective. In light of Corollary 18, for metrizable spaces this is a generalization of the fact, proved
in [2], that a compact topological group is coverable if and only if φ is surjective. Also in [5] the authors introduce a notion
of generalized cover in the uniform category that does not require a group action. In light of this, what we called “covers of
uniform spaces” in [3] really should be called something like “regular uniform covers” as is suggested in [5].
We do not use any theorems from [5] in our proofs and in fact, in light of Corollary 18, some of the theorems in [5] were
already proved in [3]. Thanks to Jurek Dydak for critiques and stimulating comments. In particular, he pointed out an error
in [3] that is corrected in the present paper. Valera Berestovskii and the referee also provided some valuable comments.
We will use the notation of [3]. In particular, we generally use f in place of f × f ; for example, if E is an entourage in
a uniform space we will write f (E) rather than ( f × f )(E).
For a uniform space X and an entourage E of X , we let B(x, E) := {y: (x, y) ∈ E}. By deﬁnition, α = {x0, . . . , xn} is an
E-chain in X if (xi, xi+1) ∈ E for all i. An E-homotopy of α is a ﬁnite sequence of moves starting with α, where each
move consists of adding or deleting a point, except either endpoint, so that each move results in a new E-chain. Let XE
be the space of E-homotopy classes [α]E of E-chains α = {∗ = x0, . . . , xn}, where ∗ is a basepoint. We give XE the uniform
structure having a basis consisting of sets F ∗ , where F ⊂ E and ([α]E , [β]E) ∈ F ∗ if and only if [α]E = [x0, . . . , xn−1, x]E , and
[β]E = [x0, . . . , xn−1, y]E , with (x, y) ∈ F . For chain connected spaces (meaning every pair of points is joined by an E-chain
for all E) no results depend on the choice of basepoint, so we will often omit mention of the basepoint in the sequal. When
F ⊂ E , the mapping φE F : XF → XE simply considers an F -chain as an E-chain, i.e., φE F ([α]F ) = [α]E , and φXE : XE → X is
the endpoint mapping. The space X˜ is the inverse limit of the inverse system (XE , φE F ), with the inverse limit uniformity.
With respect to the natural uniform structure these mappings are bi-uniformly continuous in the sense that the inverse
image of any entourage is an entourage, and the image of any entourage is an entourage in the subspace uniformity of
the image of the mapping. Given a uniformly continuous mapping f : X → Y and entourages E, F in X, Y , respectively,
such that f (E) ⊂ F , there is a unique basepoint-preserving induced uniformly continuous function f E F : XE → Y F such that
φY F ◦ f E F = f ◦ φXE , which simply takes [α]E to [ f (α)]F .
If X is chain connected, the function φXE : XE → X is a quotient mapping via the isomorphic action of the group δE (X)
consisting of E-homotopy classes of E-loops. The precise meaning of this statement is not needed for this paper (see [7]
for the deﬁnitions); we can get by with two facts: ﬁrst, if φXE(a) = φXE(b) then for some g ∈ δE (X), g(a) = b and second,
the entourages F ∗ are invariant in the sense that for every g ∈ δE (X), g(F ∗) = F ∗ . We should also mention here that James
[6] has deﬁned a notion of “equicontinuous” action on a uniform space that is the same as the notion of isomorphic action
in [7], and from his comments one may deduce that this condition is in fact equivalent to the a priori weaker notion of
“equiuniform action” that we deﬁned in [7]. James also deﬁned a notion that is equivalent to what we called a “discrete
cover” in [7], but did not consider the idea of prodiscrete cover that is necessary to develop a covering space theory for
uniform spaces that are not uniformly semilocally simply connected.
Deﬁnition 1. We say that a subset A of a uniform space X is uniformly open if there is an entourage E in X such that for
every a ∈ A, B(a, E) ⊂ A.
There are a few obvious facts: if A is a uniformly open set then A is open, the complement of A is uniformly open, and
hence A itself is also closed. But for example in the rational numbers Q with the usual metric there are plenty of open
and closed subsets that are not uniformly open. The inverse image of any uniformly open set via a uniformly continuous
function is uniformly open, but in general nothing can be said of images. For example consider the bi-uniformly continuous
surjection f : [0,2]×Z2 → [0,2] deﬁned by (q,0) → q and (q,1) → q2 . Here [0,2] has its usual metric, Z2 has the discrete
metric, and [0,2]×Z2 → [0,2] has the product metric. It is easy to check that [0,2] × {1} is uniformly open in [0,2]×Z2
but of course f ([0,2] × {1}) = [0,1] is not even open in [0,2]. (But see Remark 6 below.)
Lemma 2. A uniform space X is chain connected if and only if the only non-empty uniformly open subset of X is X .
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deﬁnition of uniformly open, then any E-chain starting at x cannot leave U and so U = X . For the converse, let x ∈ X , E be
an entourage, and U be the set of all points that are joined to x by an E-chain. If z ∈ U then clearly B(z, E) ∈ U ; hence U
is uniformly open and non-empty, hence equal to X . Since E and x were arbitrary, X is chain connected. 
Obviously the intersection of any two uniformly open subsets is uniformly open. As a corollary of this and the above
lemma we obtain:
Corollary 3. If any two uniformly open chain connected subsets of a uniform space X have non-empty intersection then they must be
equal.
Deﬁnition 4. If X is a uniform space, F ⊂ E are entourages in X , and A is a uniformly open subset of XE , deﬁne
F A := φXE
(
F ∗ ∩ (A × A)).
Lemma 5. Let X be a chain connected uniform space, E be an entourage in X, and A be a uniformly open subset of XE . Then φXE(A) =
X and for any entourage F ⊂ E, F A is an entourage in X.
Proof. Consider entourages W ⊂ F ⊂ E such that if x ∈ A and (x, y) ∈ W ∗ then y ∈ A. We will ﬁrst prove that φXE(A) is
uniformly open and hence equal to X . Suppose that (a,b) ∈ W and a ∈ φXE(A). So there exist z ∈ A such that φXE(z) = a
and since W = φXE(W ∗) (cf. [3, Proposition 16]) there exists (x, y) ∈ W ∗ such that φXE(x, y) = (a,b). Next there exists some
g ∈ δE (X) such that g(x) = z. By the invariance of W ∗ , if w := g(y) then (z,w) ∈ W ∗ and φXE(z,w) = (a,b). By choice of
W ∗ , w ∈ A, which places b ∈ φXE(A), ﬁnishing the proof that φXE(A) is uniformly open and equal to X . The same argument
without the assumption a ∈ φXE(A) shows W ⊂ WA and since WA ⊂ F A , F A is an entourage. 
Remark 6. The same proof as in the previous lemma shows the following: If f : X → Y is a quotient of uniform spaces via
an isomorphic action and A ⊂ X is uniformly open then f (A) is uniformly open in Y (see [7] for a discussion of isomorphic
actions).
Corollary 7. If X is a chain connected uniform space and there is some entourage E such that φE( X˜) is uniformly open in XE then
φ : X˜ → X is surjective.
Lemma 8. Let X be a chain connected uniform space and E be an entourage in X such that A := φE( X˜) is uniformly open. If α := {∗ =
x0, . . . , xn} is an E A-chain then [α]E ∈ A.
Proof. We will show by induction that [x0, . . . , xk]E ∈ A for all k  n. Certainly the statement is true for k = 0. Sup-
pose that [x0, . . . , xk]E ∈ A. Now (xk, xk+1) ∈ E A and by deﬁnition there exist E-chains γ := {∗ = y0, . . . , ym, xk} and
ω := {y0, . . . , ym, xk+1} such that [γ ]E , [ω]E ∈ A and (xk, xk+1) ∈ E . So we have ([aD ]D), ([bD ]D), ([cD ]D) ∈ X˜ such that
[aE ]E = [x0, . . . , xk]E , [bE ]E = [γ ]E , and [cE ]E = [ω]E . Consider κ := ([aD ∗ b−1D ∗ cD ]D) ∈ X˜ , where “∗” denotes concatenation
of chains. Now
φE(κ) =
[
aE ∗ b−1E ∗ cE
]
E =
[{x0, . . . , xk} ∗ γ−1 ∗ω
]
E
= [x0, . . . , xk, ym, . . . , y1, y0, y1, . . . , ym, xk+1]E = [x0, . . . , xk+1]E ,
where the last E-homotopy successively removes y0, y1, y1, y2, . . . , ym . 
Proposition 9. Let X be a chain connected uniform space and E be an entourage in X such that A := φE( X˜) is uniformly open. Letting
D := E∗ ∩ (A × A) and G := φ−1E (D) = φ−1E (E∗), there is a uniformly continuous function ψ : X˜ → AD such that the following
diagram commutes
X˜G
φ X˜G
θ
X˜
φE
ψ
AD
φAD
A
(1)
where θ = (φE)GD is the mapping induced by φE .
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[α]E = [y0, . . . , ym, x]E and [β]E = [y0, . . . , ym, y]E
for some choice of y0, . . . , ym , with (x, y) ∈ E . We will deﬁne ψ := f ◦ φE A , where
f
([x0, . . . , xn]E A
)= [[x0]E , [x0, x1]E , . . . , [x0, . . . , xn]E
]
D . (2)
We need to check various things about f . First of all, note that by Lemma 8, [x0, . . . , xk]E ∈ A for all 1 k n and therefore
([x0, . . . , xk]E , [x0, . . . , xk, xk+1]E
)= ([x0, . . . , xk, xk]E , [x0, . . . , xk, xk+1]E
) ∈ D
so the deﬁnition at least goes into the correct set. To see that f is well deﬁned, consider an E A-chain α′ := {x0, . . . , xk−1, x,
xk, . . . , xn}, which would lead to
[[x0]E , . . . , [x0, . . . , xk−1]E , [x0, . . . , xk−1, x]E , [x0, . . . , xk−1, x, xk]E , . . . , [x0, . . . , xk−1, x, xk, . . . , xn]E
]
D
in the above deﬁnition. But notice that for any km n, we already know {x0, . . . , xk−1, x, xk, . . . , xm} and {x0, . . . , xk−1, xk,
. . . , xm} are E A-homotopic, hence E-homotopic, so we can simply remove the “x“ from all such terms. This leaves the one
extra term [x0, . . . , xk−1, x]E . But since ([x0, . . . , xk−1]E , [x0, . . . , xk−1, xk]E) ∈ D , up to D-homotopy we may simply remove
this term, getting us back to (2).
We will now check that f is uniformly continuous. To do so we will have to be a little more careful with notation.
Given an entourage W ⊂ E A in X we have an entourage called W ∗ in XE and one called W ∗ in XEA . We will refer to
the latter as W #. We also have the entourage (W ∗ ∩ (A × A))∗ in AD , which we will simply denote by W ∗∗ . The proof of
uniform continuity will be ﬁnished if we can show that f (W #) ⊂ W ∗∗ . Let ([α]E A , [β]E A ) ∈ W #. By deﬁnition we may take
α = {x0, . . . , xn, x} and β = {x0, . . . , xn, y} with (x, y) ∈ W . We have
f
([α]E A
)= [[x0]E , . . . , [x0, . . . , xn]E , [x0, . . . , xn, x]E
]
D ,
f
([β]E A
)= [[x0]E , . . . , [x0, . . . , xn]E , [x0, . . . , xn, y]E
]
D .
Since (x, y) ∈ W and [x0, . . . , xn, x]E , [x0, . . . , xn, y]E ∈ A (Lemma 8 again), ([x0, . . . , xn, x]E , [x0, . . . , xn, y]E) ∈ W ∗ ∩ (A × A)
and ( f ([α]E A ), f ([β]E A )) ∈ W ∗∗ .
We will now check the commutativity of the diagram. Suppose that η := {y0 = ∗, y1, . . . , yn} is a G-chain in X˜ . This
means that for all i, (φE(yi),φE (yi+1)) ∈ D . In particular, (φE(y0),φE(y1)) = ([∗]E , φE(y1)) ∈ D . This means that we may
write φE(y1) = [∗ = w0, . . . ,wm, x1]E , where x1 is the endpoint of y1, {w0, . . . ,wm,∗} is E-homotopic to the identity and
(∗, x1) ∈ E . But then we may use the null E-homotopy of {w0, . . . ,wm,∗} to see that
φE(y1) = [∗, . . . ,wm,∗, x1]E = [∗, x1]E .
By deﬁnition of D we also have [∗, x1]E = φE (y1) ∈ A, which implies that {∗, x1} is an E A-chain. Proceeding inductively with
essentially the same argument, we see that φE(yi) = [∗, x1, . . . , xi]E , where xi is the endpoint of φE (yi) and {x0, . . . , xn} is
an E A-chain. By deﬁnition of θ ,
θ
([η]G
)= [φE(y0), . . . , φE(yn)
]
D =
[[∗]E , [∗, x1]E , . . . , [∗, x1, . . . , xn]E
]
D = ψ(yn) = ψ ◦ φ X˜G
([η]G
)
.
This proves the commutativity of the upper triangle. The commutativity of the lower triangle is obvious from the deﬁnition
of ψ . 
Universal uniform spaces and universal bases were deﬁned in [3]; the deﬁnitions will be explained in the proof below.
Proposition 10. If X is a chain connected uniform space such that for every entourage E, φE : X˜ → XE has uniformly open image in
XE then X˜ is universal with an invariant (with respect to the action of δ1(X)) universal basis.
Proof. For an arbitrary entourage E of X , consider the diagram (1). We will start by showing that X˜ is chain connected.
Since φE is surjective onto A, so is φAD . This means that every pair of points in A is joined by a D-chain. Equivalently,
A × A = ⋃∞n=1 Dn (where Dn is the set of all points in A joined to the basepoint by a D-chain of length n). Since φE is
surjective onto A, it is easy to check that φ−1E (Dn) = (φ−1E (D))n = (φ−1E (E∗))n and so X˜ =
⋃∞
n=1(φ
−1
E (E
∗))n (cf. the proof
of Lemma 11 in [3]). This means that every pair of points in X˜ is joined by a φ−1E (E∗)-chain. Since the set of all φ
−1
E (E
∗)
forms a basis for the uniformity of X˜ , X˜ is chain connected. This now implies that the mapping φ X˜G is surjective and
the hypotheses of Proposition 33 in [3] are satisﬁed for this diagram, implying that φ X˜G is a uniform homeomorphism. By
deﬁnition (cf. Deﬁnition 4 of [3]) the collection {G = φ−1E (E∗)} forms a universal basis of X˜ consisting of invariant entourages
(cf. Proposition 41 of [7]). This means that X˜ is universal. 
The proof of Corollary 61 in [3] is not correct. The penultimate sentence in the proof requires an additional assumption.
Rather the same argument works to prove the following statement:
598 C. Plaut / Topology and its Applications 156 (2009) 594–600Lemma 11. If f : X → Y is a quotient via an action on a uniform space X and X has a universal basis that is invariant with respect to
the action, then Y is coverable.
In the paper [3], Corollary 61 was only used to establish the equivalence of the deﬁnition of “coverable topological
group”, as deﬁned in [1], to the deﬁnition in [3] for topological groups (considered as uniform spaces). In particular, none
of the results of [1] cited in the current paper relies on this corollary; Lemma 11 will suﬃce to prove our main Theorem 12,
from which Corollary 61 of [3] is easily derived.
Theorem 12. For a chain connected uniform space X, the following are equivalent:
1. X is coverable.
2. φ : X˜ → X is a bi-uniformly continuous surjection.
3. For each entourage E in X and any choice of basepoint, φE( X˜) is uniformly open in XE .
Proof. 1 ⇒ 2 follows from Theorem 45 in [3]. For 2 ⇒ 3, let E be an entourage in X , A := φE( X˜). Since φ is a bi-uniformly
continuous surjection,
E A = φXE
(
E∗ ∩ (A × A))= φXE
(
φE
(
φ−1E
(
E∗
)))= φ(φ−1E
(
E∗
))
is an entourage. Suppose that ([α]E , [β]E ) ∈ E∗A and [α]E ∈ A. So there is some ([γD ]D) ∈ X˜ such that [γE ]E = [α]E
and we may write α := {x0, . . . , xn, x} and β := {x0, . . . , xn, y}, with (x, y) ∈ E A . This in turn means that we have
([αD ]D), ([βD ]D) ∈ X˜ with endpoints x and y such that ([αE ]E), ([βE ]E) ∈ E∗ ∩ (A × A). So we may now write αE :=
{y0, . . . , ym, x} and βE := {y0, . . . , ym, y} and (x, y) ∈ E . Consider ([γD ∗ α−1D ∗ βD ]D) ∈ X˜ . Using an E-homotopy like the
one in the proof of Lemma 8 we have
[γE ∗ α−1E ∗ βE ]E = [x0, . . . , xn, x, ym, . . . , y0, y1, . . . , ym, y]E = [x0, . . . , xn, x, y]E = [β]E .
This implies that [β]E ∈ A and ﬁnishes the proof that A is uniformly open.
To prove 3 ⇒ 1, note that by Proposition 10, X˜ has an invariant universal basis with respect to the isomorphic action
of δ1(X). Corollary 7 and Lemma 5 together show that φ is a bi-uniformly continuous surjection, hence a quotient with
respect to this action (cf. [7, Theorem 11]). Lemma 11 now ﬁnishes the proof. 
The next corollary is the statement Corollary 61 in [3]:
Corollary 13. If f : X → Y is a bi-uniformly continuous surjection where X is universal and Y is uniform then Y is coverable.
Proof. According to Proposition 57 in [3] we have the lift f L : X → Y˜ which satisﬁes φ ◦ f L = f , where φ : Y˜ → Y is the
projection. But then φ must be a uniformly continuous surjection. If E is an entourage in Y˜ , then since f is bi-uniformly
continuous, f ( f −1L (E)) is an entourage that is contained in φ(E). This proves that φ is bi-uniformly continuous and hence
Y is coverable by Theorem 12. 
Corollary 14. If X is coverable then E is a covering entourage if and only if XE is chain connected.
Proof. If E is a covering entourage then by deﬁnition φE : X˜ → XE is surjective. Since X˜ is chain connected, so is XE .
Conversely, if XE is chain connected then by Lemma 2 and the third part of Theorem 12, φE must be surjective. 
Note that the argument 3 ⇒ 1 in the proof of Theorem 12 is constructive; it actually provides a covering basis. We can
now sort through the steps to help identify this basis. The proof of Lemma 11, which is actually in [3], shows that the
covering entourages are of the form φ(G), where G is an invariant universal entourage in X˜ . The universal entourages in X˜
come from Proposition 10, and they are of the form φ−1E (E∗) for any E . Letting A := φE( X˜) we have
φ
(
φ−1E
(
E∗
))= φ(φ−1E
(
E∗ ∩ (A × A))= φXE ◦ φE ◦ φ−1E
(
E∗ ∩ (A × A))= E A .
Note that E A is chain connected since X˜ is. Combining this with Corollary 3 we obtain:
Corollary 15. Let X be a coverable uniform space. For any entourage E, XE has a unique chain connected uniformly open set A
containing the basepoint, and E A is a covering entourage.
Example 16. We will illustrate how Corollary 15 extracts a covering entourage from a non-covering entourage in the topo-
logical group R. In a topological group with left uniformity, entourages are completely determined by symmetric open
subsets of the identity (which always serves as the basepoint). For example, in R, if U is any such set, there corresponds
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open sets rather than entourages makes it easier to see what is going on. In Example 48 of [1] we considered the set
U := (−1,1) ∪ (2,4) ∪ (−4,−2). In this example the components of U are far enough apart that RU consists of the topo-
logical group R×Z with the product uniform structure (Z is discrete). The idea here is that the two outer components of
U cannot be reached from 0 by (−1,1)-chains, so for example the equivalence class of the chain {0,3} lies in a different
component from the identity component A := R× {0} in RU . Along these lines, it is not hard to show that
U∗ = (−1,1) × {0} ∪ (2,4) × {1} ∪ (−4,−2) × {−1}.
That is, the two outer components of U∗ do not lie in A, which clearly is the unique chain connected uniformly open
set containing the identity in R×Z. Now we have φRE(U )(U∗ ∩ A) = (−1,1) := V . Since V is connected and R is simply
connected, E(V ) is a covering entourage (cf. [1]).
Example 17. In R with the usual metric (or any geodesic space), the metric entourages, i.e. entourages of the form Eε :=
{(x, y): d(x, y) < ε}, are all covering entourages [3]. We will use an example of [5] to show that this may not be true in
an arbitrary connected, uniformly locally arcwise connected metric space. The example X in [5] is described as a regular
hexagon with one (open) side of length 1 removed. The speciﬁc metric is not deﬁned, but there are two natural metrics:
the metric induced by an embedding of X in the plane and the metric obtained by taking the usual geodesic metric on
the hexagon (which makes it geometrically a circle C of circumference 6), removing a segment of length 1, then taking
the subspace metric on the resulting X . Either metric will work for this example, so we will take the one induced by
the geodesic metric, which makes some computations easier. We will refer to an Eε-chain simply as an ε-chain, and an
Eε-homotopy as an ε-homotopy. It is not hard to check that in C , when ε > 2, every ε-chain is ε-homotopic to the trivial
chain. Then CEε = C . When ε  2, ε-chains that “wrap around” the circle may not be ε-homotopic to the trivial chain, and C
“unrolls” so that CEε = R and one obtains the universal covering map R =CEε → C . (By the results of [3], this must happen
for some ε, and it is up to the reader to check that the magic number is 2, or in general 13 the circumference of the circle.)
Getting back to the space X , it is still true that if ε > 2 then any ε-chain in X is ε-homotopic to the trivial chain. On
the other hand, if 0 < ε  1 then ε-chains can no longer cross the “gap” of distance 1 created by removing the segment,
and once again all ε-chains are ε-homotopic to the trivial chain. So the fundamental inverse system, indexed by the en-
tourages Eε , stabilizes for ε  1 as a system of uniform homeomorphisms, and the uniform universal cover φ : X˜ → X is
a uniform homeomorphism. This is to be expected, since X is a simply connected uniform Poincaré space (cf. [3]). More
interesting things happen when 1 < ε  2. Roughly speaking, ε is still large enough that ε-chains may cross the gap to
wrap around the space, but ε is small enough that such chains may not be ε-homotopic to the trivial chain. The behavior
of ε-chains is essentially the same as in C because the chains do not “see” the gap of length 1, but they do see the “hole”
that generates the fundamental group of C . For example, suppose that x, y ∈ X are the endpoints of the open segment that
was removed from C , and choose x as the basepoint. Consider any 1-chain α := {x, x1, . . . , xn, y}. As a 1-chain, α cannot
cross the gap, but at the same time, α is not ε-homotopic to the ε-chain β := {x, y} because ε  2. Put another way, the
loop β ∗ α−1 represents a non-trivial element, and in fact a generator, of the group δEε (X) = Z. The covering space XEe is
not connected. In fact the component X0 of XEε containing the base point [x]Eε consists precisely of those elements that
are represented by 1-chains, and X0 is uniformly homeomorphic to X via the endpoint mapping. The element [β]Eε lies in
another component X1 of XEε , and concatenation with [β ∗ α−1]Eε ∈ δEε (X) induces a uniform homeomorphism from XEε
to itself that takes X0 to X1. That is, the action of δEε (X) = Z simply “translates” the components of XEε .
Now Eε is not a covering entourage because XEε is not chain connected, but Corollary 15 shows that if A := X0 then
E A is a covering entourage. In particular, we could not have (x, y) ∈ E A . To see directly why this is true, recall that
(x, y) ∈ E A = φXEε (E∗ε ∩ (A × A)) would mean there exist ε-chains α := {x, x1, . . . , xn−1, x} and β := {x = x1, . . . , xn−1, y}
with ([α]Eε , [β]Eε ) ∈ A× A. But then we would have either d(xn−1, x) 1 or d(xn−1, y) 1, which places [α]Eε and [β]Eε in
different components of XEε , and hence ([α]Eε , [β]Eε ) /∈ A × A. In effect, an entourage ball B(z, E A) = {w ∈ X: (z,w) ∈ E A}
consists of the open metric ball B(z, ε) with all points “on the other side of the gap from z” removed. The E A-balls are
connected (in fact are homeomorphic to half-open intervals or open intervals), while the metric balls are not. Since the
entourage balls are connected, so is XEA (cf. [3]) and therefore E A is indeed a covering entourage.
If one takes the metric on X induced from the metric of the plane, similar behavior takes place, except that the range
of ε for which XEe is not connected will be 1< ε  D , where D is the inﬁmum of all δ such that every δ-chain in X (with
this different metric) is δ-homotopic to the trivial chain. Computing this number D is an exercise for the reader.
In [5] the notion of Rips complex is extended from metric spaces to uniform spaces: R(X, E) is the subcomplex of the
full complex over X having as simplices all {x0, . . . , xn} such that (xi, x j) ∈ E for all i and j. According to [9, Section 3.6],
any path in R(X, E) is, up to homotopy, uniquely identiﬁed with a simplicial path, which in turn is uniquely determined
by its vertices. These vertices, obviously, form an E-chain, and the basic moves in a ﬁxed-endpoint simplicial homotopy of
simplicial paths (adding or removing a pair of edges that span 2-simplex with one edge already in the path) correspond
precisely to the basic moves in an E-homotopy (adding or removing a point so as to preserve that one has an E-chain).
That is, the set of all ﬁxed-endpoint homotopy equivalence classes of paths in R(X, E) starting at a base point ∗ is naturally
identiﬁed with XE .
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translate the basic deﬁnitions of [5]. Two E-chains α := {x0, . . . , xn} and β := {y0, . . . , yk} (maybe with distinct endpoints)
are said in [5] to be E-homotopic if (1) (x0, y0), (xn, yk) ∈ E and (2) β is (ﬁxed-endpoint) E-homotopic to {y0, x0, . . . , xn, yk}.
If α and β have the same pair of endpoints then of course “E-homotopic” has the same meaning as in [3]. If α and
β only have the same starting point x0 = y0 = ∗, then it is easy to check that α and β are E-homotopic precisely when
([α]E , [β]E) ∈ E∗ . A generalized curve from x to y is deﬁned in [5] to be a collection {[cE ]E } of E-homotopy classes of E-chains
joining x and y such that if F ⊂ E then [cF ]E = [cE ]E . The set of all generalized curves starting at ∗ is called GP (X,∗) in [5],
but this set is obviously none other than X˜ via the identiﬁcation {[cE ]E } ↔ ([cE ]E). The authors deﬁne a “natural uniform
structure” on GP (X,∗) (a.k.a. X˜) by taking, for each entourage F in X , the set of all pairs ({[cE ]E }, {[dE ]E }) such that cF is
F -homotopic to dF . Since cF and dF both start at ∗, as pointed out above this is equivalent to ([cF ]F , [dF ]F ) ∈ F ∗ . That is,
the basis that they deﬁne consists precisely of the sets φ−1F (F ∗), which of course is a basis for the inverse limit uniform
structure on X˜ . In other words, GP (X,∗) and X˜ are one and the same space. Moreover, the mapping πX : GP (X,∗) → X of
[5] is the endpoint mapping (identical to φ : X˜ → X ), and the uniform fundamental group πˇ (X,∗) of [5] is π−1X (∗) = φ−1(∗)
(“generalized loops”) with operation induced by concatenation (identical to δ1(X)).
According to [5], a uniform space X is called joinable if every pair of points in X is joined by a generalized curve; clearly
this is equivalent to the surjectivity of φ : X˜ → X . In [5] X is called uniformly joinable if for every entourage E there is an
entourage F such that whenever (x, y) ∈ F , x and y are joined by a generalized curve {[cD ]D} that is “E-short” in the sense
that [cE ]E = [{x, y}]E .
Corollary 18. If X is a chain connected uniform space then X is coverable if and only if X is uniformly joinable.
Proof. Suppose that X is coverable. By Theorem 12, φE( X˜) is uniformly open for all E; so there is some F ⊂ E such that
if ([α]E , [β]E) ∈ F ∗ and [α]E ∈ φE( X˜) then [β]E ∈ φE( X˜). Let (x, y) ∈ F . Since X is chain connected there is some F -chain
α = {x0 = ∗, . . . , xn−1, x} and we may let β := {x0, . . . , xn−1, x, y}. Note that since
([x0, . . . , xi]E , [x0, . . . , xi, xi+1]E
) ∈ F ∗
for all i, it follows by induction on i that [α]E ∈ φE ( X˜). Likewise [β]E ∈ φE( X˜) and we have [α]E = [αE ]E for some
([αD ]D) ∈ X˜ and [β]E = [βE ]E for some ([βD ]D) ∈ X˜ . But the concatenated generalized curve {[α−1D ∗βD ]D} certainly satisﬁes
the E-short condition [α−1E ∗βE ]E = [{x, y}]E ; in fact one may remove the points x0, x1, x1, . . . , xn−1, xn−1, x in succession to
create an E-homotopy between α−1E ∗ βE and {x, y}.
If X is uniformly joinable and E is an entourage, by deﬁnition there is some entourage F ⊂ E such that if (x, y) ∈ F , x and
y are joined by an E-short generalized curve. Let α = {∗ = x0, . . . , xn} be an E-chain with [α]E ∈ φE( X˜). If ([α]E , [β]E) ∈ F ∗
then by deﬁnition of F ∗ we may assume that β is of the form {∗ = x0, . . . , xn−1, x} with (x, xn) ∈ F . That is, there is an
E-short generalized curve {[cD ]D} joining xn and x with cE = {xn, x}. Now if φE([αD ]D) = [α]E then g := ([αD ∗ cD ]D) ∈ X˜
satisﬁes φE(g) = [β]E . 
Remark 19. In light of Corollaries 7 and 18 we have a very nice way to distinguish between joinable and uniformly joinable
for a chain connected uniform space X , namely that for a joinable space, φE has uniformly open image for some E , while for
a uniformly joinable space, φE has uniformly open image for all E .
Remark 20. Note that the equivalence of uniform joinability and the condition stated in Theorem 12.2, for a chain connected
space, was proved in [5] using completely different arguments.
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